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Lipschitz Quasistability of Impulsive Systems of
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A suitable comparison lemma is used to obtain sufficient conditions for uniform
Lipschitz quasistability of an arbitrary solution of an impulsive system of differ-
ential equations with unfixed moments of impulse effect. The results are applied
to finding conditions for uniform Lipschitz quasistability for linear impuisive
systems with unfixed moments of impulse effect.

1. INTRODUCTION

Impulsive systems of differential equations are useful for the mathemati-
cal simulation of numerous real processes and phenomena studied in biology,
physics, technology, etc. Such processes and phenomena are characterized
by the fact that at certain moments of their evolution they undergo rapid
changes. That is why in their mathematical simulation it is convenient to
neglect the duration of these changes and assume that such processes and
phenomena change their state momentarily, by jumps.

Moreover, the mathematical theory of impulsive systems of differential
equations is much richer in problems in comparison with the corresponding
theory of ordinary differential equations without impulses. That is why in
recent years the study of such systems has been very intensive [see Bainov
and Simeonov (1989), Lakshmikantham ef al. (1989), and Samoilenko and
Perestyuk (1987), and references therein].

In the present paper the notion of uniform Lipschitz stability of an
arbitrary solution of an impulsive system of differential equations with
unfixed moments of impulse effect is introduced. By means of a suitable
comparison method, sufficient conditions for uniform Lipschitz stability of
a given solution of such a system are found. Since in this case the moments
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of impulse effect are different for the different solutions, for impulsive sys-
tems of this type there is no continuous dependence, uniform on a finite
interval, of their solutions on the initial conditions (Samoilenko and Peres-
tyuk, 1987, §3; Lakshmikantham ef al., 1989, §2.3). That is why for these
systems one cannot speak of Lipschitz stability of an arbitrary solution in
the usual sense (Dannan and Elaydi, 1986). In relation to this, in this paper
the sense in which the notion of uniform Lipschitz stability of a given solu-
tion of an impulsive system of differential equations with unfixed moments
of impuise effect should be understood is made precise by introducing the
notion of uniform Lipschitz quasistability.

2. PRELIMINARY NOTES AND DEFINITIONS

Consider the impulsive system of differential equations
x=f(,x), t#ulx); Ax|y= 0 =Ii(x) ¢))
where xeR”, iR xQ—R", 7. Q-R,, I,: Q-R",
AxX|i=qm=x(1+0) ~x(t—0)

R, =[0, o), and Q is an open subset of the n-dimensional Euclidean space
R"” with an arbitrary norm |- |.

A detailed description of impulsive systems of the form (1) can be
found in Bainov and Simeonov (1989), Lakshmikantham et al. (1989), and
Samoilenko and Perestyuk (1987).

Let x0(?) = xo(2; to, yo) be a solution of system (1) satisfying the initial
condition xo(#+0) = yo and which is defined on the interval (¢, o). Let =
4, k=1,2,..., be the moments at which the integral curve of this solution
meets the hypersurfaces

or={(t, x)eR, xQ: t=1(x)}

ie., tr="T(xo(te)), k=1,2,. ...
We shall say that conditions (A) are met if the following conditions
hold:

Al. feC[R,. xQ, R™] and |f(¢, x)| <L for (¢, x)eR. x Q.

A2 LeClQ,R", k=1,2,....

A3. 7eC'[Q,R,], k=1,2,....

Ad. 0<i(X)<a(x)<' - - <m(x) < - - and limg . ,, Te(x)= 00 for xeQ.
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We shall say that condition (B) is met if the following condition holds:

B. The integral curve of each solution of system (1) meets each of the
hypersurfaces o, at most once.

When condition (B) is met, we say that for system (1) the phenomenon
of “beating” is absent. Sufficient conditions for absence of the phenomenon
of “beating” are given in Bainov and Simeonov (1989), Lakshmikantham
et al. (1989), and Samoilenko and Perestyuk (1987).

Definition 1. The solution xo(f) of system (1) is said to be uniformly
Lipschitz quasistable if

(AM > 0)(¥n > 0)(35= 8(17) > 0)(Vx0&Q, |x0—yo| <)
(V1R (V> 1o, 1=t > 1, k=1,2, .. ):
1x(2; to, Xo) — xo(£)] < Mixo— yol

3. COMPARISON LEMMA

Since the moments of impulse effect for the different solutions of system
(1) are different, there are difficulties in the estimation of the difference of
two different solutions of this system. In order to overcome these difficulties,
we shall use a suitable comparison lemma.

Consider a scalar impulsive differential equation of the form

u=g(t, u), te€(te,ta], k=1,2,...
u(t e+ 0) = yi(u(tr), k=1,2,... (2
u(ty+0)=uy
where
g Ry XxR-R,  w:R-oR, k=12, ..
0<to<hH S <LHKH<' <t <Tp< - and lm t,=00 (3)

X—00

The solution u(t; to, o) of equation (2) is determined in the following
way:
uo(t; to, to), Lh<I<L
w(t;F,ur), 1<t<t,
u(t; to, up) =
uet; T, ug ), [e<t<ti+
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where u(¢; 5, ui ), k=1,2,...,is a solution of the equation #=g(t, u), for
which w(t,; 1, uk+) =uy and uy = Wit —1(2is Tr-1, ul:—l)): k=2,3,...,
and uo(¢; to, up) 1s a solution of u=g(t, u), for which uy(to; to, up) = up and

ui =wyi(uo(t1; to, ).
The maximal solution r(f; o, up) of equation (1) is defined in an
analogous way.

Lemma 1. (Lakshmikantham et al., 1989, Theorem 1.6.1). Let the
following conditions hold:

1. The function m: R, —R is piecewise continuous with points of dis-
continuity of the first kind #=¢, and ¢=1, at which it is continuous from
the left and for which relations (3) are valid.

2. For k=1,2, ... the inequalities

D m(t)<g(t,m(1)),  1€(tx, 4]
m(t+0) < yi(m(tr))
m(ty+0) <uy

hold, where ge C[R, xR, R], ve C[R, R], w,(u) is nondecreasing in «, and
D*m(t) =lim sup(1/h)[m(t+h) —m(¢)]
h->0+

3. The maximal solution r(¢; fy, ts) of equation (1) is defined in
e}r=(t0’ Co) kul (lk;ik]'

Then m(t) <r(¢; to, up) for te s,

4. MAIN RESULTS

Theorem 1. Let the following conditions be fulfilled:

1. Conditions (A) and (B) hold.

2. For (4, x)eR, xXQ, t#1t;, t#10(x), k=1,2,..., the following
inequality is valid:

[x = xo(2), £(2, x) = f(2, X0(1))] + <& (2, |x = Xo(D)])
where ge C[R; xR, R] and
[x, y]+= lilhn gyp(l/h)(|x+hyl )
3. For xeQ and k=1, 2, . . . the following inequalities are valid:

I = xo(tic) + (%) — Le(Xo (1) < Ye(lx ~ Xo(2)])

where 7. C[R., R.]} and (%) is nondecreasing in u.
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4, For (1, x)eR. xQ, k=1,2,..., the following inequalities hold:

9509 £(1 ) <0
X

5. For x, yeQ and k=1, 2, . .. the inequalities

|T(x) — ()| < Blx—yl

hold, where 0 < ==const.
6. There exist constants M >0 and & >0 such that for any xeQ and
for any solution u(t; t, uo) of the scalar impulsive differential equation

u=g(t, u), té(ék,(,?k], k=1,2,...
(& +0) = yi(u(&), k=1,2,... )
u(to+0)=u,

where

Vi) = 7((1 + LB)u) + LPu
Ee=min(t, 7(x)), Ee=max (g, 7(x))

the following inequality holds:
u(t; to, up) <Mu,  for 0<uy<éy, tE(to,w)\U(ék,Ek] (5)
k=1 T

Then the solution xo(¢) of system (1) is uniformly Lipschitz quasistable.

Proof. Let n>0 be given. Choose = 8(1n) =min(d, n/2CMB+ 1)).

Let x(¢)=x(z; to, xo) be any solution of (1) for which |x,—yo| < 5 and
let t¥=1(x(t}), k=1,2,..., be the moments of impulse effect for this
solution.

Set m(t) = |x(t) — x(to)|, to=|Xo—yol, and Zx=min(z, ¥),

fr=max(t, tf)
Then m(t,+0)=u,. From condition 2 it follows that
D+m(t) Sg(ts m(t))a té(!ka ik], k= 15 23 e (6)

We shall estimate m(f,+0)=|x(z+0)~xo(f,+0)| for an arbitrary
positive integer k.
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In the case when 7,=t# and t,=1#, using conditions 3 and Al, we
obtain

m(tx+0) =|x(t ) + L(x(f 1) — xoT )|
<Ix(Er) — xo(22) + L(x (€ 1)) — L(xo( )

+ f £ (s, x0(5))| ds

117

<Yllx(E i) = xo( L))+ LE—11)
On the other hand,

1

() — xo( L) < 1x(22) — Xo0( 2)| +j k |/ (s, x(5))| ds

143
<m(tr)+ L —1i)

From condition 4 it follows that Tk(x(f;;‘?) < 7(x(£x)). Then from condition
5 we obtain

0<ti— L= t(x(f)) — Telxo( £4)) < Te(x(£4)) — TulXo( L))
< Blx(2x) = xo( )| = Pm(2x) (7)
Hence
m(t+0) < n((1 + LByu(tx)) + LPu( L) = yr(u(t4)) ®

In the case when f,=1¢; and ¢,=tF, we again use conditions 3 and Al and
obtain

m(f+0) < |x( 1) — xo(fw) + T(x(££)) — T(xo(F 1))
+f [/ (s, x(5))| ds

< e(le(2x) — xo(F ) + LEx— 11
Moreover,
Px(2e) = x0T )| <m(ti) + L — 1)
and from conditions A4 and A5 we obtain
0<tx—trx= t(xo(f ) — Tl(x(2)) < Tl Xo( 2£)) — T(x(24))
< Blxo(2) —x(2)|= Pm(ti) ®
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Hence

m(te+0) <y((1+LBm(1:)) + LPm( 1) = wiem(L1)) (10)

Inequalities (6), (8), and (10) show that the conditions of Lemma 1 are
fulfilled. Then

Pe(2) = xo(D)| =m(t) <r(2; to, [ X0 — ol) (11)

for te(to, 00)\| iy (tx, x], where r(t; to, |xo— yol) is the maximal solution
of (4) for & =tr and & =%, k=1,2,....
From (5) and (11) it follows that

Ix(£) — xo(t)| < Mlxo—yo|  for te(to,oo)\kgl(zk,fk] (12)

Moreover, from (7) and (9) and the choice of  we obtain
0<t,—1x< BIx(1x) — Xo( 1) < BMxo— yo| MBS <1n/2
Hence
x(2) ~ xo(£)| < M]x0 — yol

for |xo—yol| <6, t>120, t—t]>n, k=1,2,.....
Theorem 1 is proved. W

Corollary 1. Let the following conditions be fulfilled:

1. Conditions (A) and (B) hold.

2. For (1, x)€S(%0, p) = {(t, X)eRy X R"; |[x—xo(1)| < p} (p>0), t #1e,
t#1(x), k=1,2,..., the following inequality is valid:

[x = xo(8), £(2, x) = f(#, xo(£))] + <O

3. For xeS8(p)=|Jrer, {xeR™: |x—xo(1)<p} and k=1,2,..., the

following inequalities are valid:
Jx = xo(i) + L(x) — L(xo(#:))] < yalx = xo(20)1; [I(x)|<p/3

where 7, =>0 are constants.

4. For (¢, x)eS(xo, p) and k=1, 2, ..., the following inequalities are
valid:
994X 14, x)<0
Ox

5. For x, yeS(p)and k=1, 2, . . ., the following inequalities are valid:

|7(x) — t( W) < Blx =~y
where 0 < B=const.
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6. The infinite product ]_L:l [x+ (1 + %)LB] is convergent,
Then the solution x,(f) of system (1) is uniformly Lipschitz quasistable.

Theorem 2. Let the following conditions hold:
1. Conditions 1-3 of Theorem 1 are fulfilled.
2. For x,yeQ and k=1, 2, ..., the inequalities

|7() ~ T P) < Belx — ¥l

hold, where B;>0 are constants.
3. For k=1,2,..., the following inequalities are valid:

Li<l, B(-LB)'<p

where 0 < f=const.
4. There exist constants M >0 and 6; >0 such that for any xeQ and
for any solution u(t; ty, #p) of equation (4) for which

Yiw)=1(1 = LB) ™ 'w) + LA(1— LB) " 'u

inequality (5) is valid.
Then the solution x(¢) of system (1) is uniformly Lipschitz quasistable.

The proof of Theorem 2 is analogous to the proof of Theorem 1.

Corollary 2. Let the following conditions be satisfied:

1. Conditions 1-3 of Corollary 1 hold.

2. Conditions 2 and 3 of Theorem 2 hold.

3. The infinite product [T (7«+LBJ(1—LB) ™" is convergent.

Then the solution x(?) of system (1) is uniformly Lipschitz quasistable.

Theorem 3. Let the conditions of Theorem 1 hold, condition 2 being
replaced by the following condition:

2a. For (1, x)eR,. xQ, t#1t, t#u(x), k=1,2,..., the following
inequality is valid:
x — xo(£) + A( (2, x) — £ (2, x0(£)))| < |x = x0()| + hg(t, |x = xo()]) + &(h)

where />0 is small enough and g(h)/A—0 as h—0.
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Then the solution x,(t) of system (1) is uniformly Lipschitz stable.
The proof of Theorem 3 is analogous to the proof of Theorem 1. We
use that from condition 2a there follow the inequalities

D" m(t)=tim sup(1/m)[x(2+ ) = Xo(t + Bl = |x(t) = Xo() ]
<lim sup(1/h)[x(t+ ) = xo(t + b)) + &(h)

= {x() — xo(8) — (£ (2, x(£)) —f (2, xe(O)]
<lim sup e(k),/h+lim sup(1/R)lx(r+h) = x()

= Xo(t+h) + x0() —f (2, x(£)) +£(2, xo(1))| =0 (13)

Corollary 3. Let the conditions of Corollary 1 hold, condition 2 being
replaced by the following condition:

2b. For (¢, x)eS(xo, p), t# 1, t#T(x), and k=1, 2, . . ., the following
inequality is valid:

Ix = xo(2) + A( (2, x) —f (2, X0(1)) < |x — x0(£)| + &(h)

where /2> 0 is small enough and &(h)/h—0 as h—0.
Then the solution xo(?) of system (1) is uniformly Lipschitz quasistable.

Theorem 4. Let the conditions of Theorem 2 hold, condition 2 of
Theorem 1 being replaced by condition 2a.

Then the solution x,(#) of system (1) is uniformly Lipschitz quasistable.

The proof of Theorem 4 is analogous to the proof of Theorem 1.
Inequalities (13) are used.

Corollary 4. Let the conditions of Corollary 2 be fulfilled, condition 2
of Corollary 1 being replaced by condition 2b.
Then the solution xo(#) of system (1) is uniformly Lipschitz quasistable.

5. APPLICATIONS
Application 1. Consider the linear impulsive system
x=Ax, t#£ 1(x); Ax|;= 0= Brx (14)

where 4 and By, k=1, 2, ..., are constant n X n matrices and 7;: R"-R.
satisfy conditions A3, A4, and (B).

Consider system (14) in the domain t>0, |x{|<L/| 4|, where |A] =
sup{|4x|: |x|<1}, L>0.

Let x(£)=x(z; to, xo) be an arbitrary solution of (14) defined in the
interval (fp, o) and let t=1, k=1, 2, ..., be its moments of impulse effect.
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It is immediately verified that
[x=xo(1), AQx = Xo(D)]+ Sp(DIx—x0(D), >t

where Lozinskii’s “logarithmic norm” u(A4) of the matrix A4 is defined by
the equality

p(A)=lim sup(1/R)(IE+hA| - 1)

(E is the unit n X n matrix).

Consider the following conditions:

(1) p(A4)<0.

(iii) [6m(x)/0x]Ax<0,k=1,2,...,[x|<L/||4].

(i) %) —w(I<Blx—yl, IXI<L/IAl, WI<L/IAl, B=0, k=
1,2,....
V) Be<B(p>0),k=1,2,....

(vi) The product Hk=1 (7 + (1 + ) LP) is convergent.

(vii) LB<1, B(1—LB)™'<B(B>0), k=12, ....

(viit) TE~, (ne+LBI(1—LB) ™" is convergent.

For an arbitrary xeR", |x| <L/|{4|, consider the impulsive differential
equation

{d=u(A)u, te(te, fd, k=1,2,...
u(fk+0)= (7k+ (1 + yk)LlB)u(lk)a k=la 2, L]

where t, =min(t;, (x)), [r=max(t, t(x)), k=1, 2, ..., whose solution is
determined by means of the equality

k
ult; b, uo)=uo[ﬂ (+( +7,-)L/3)] exp[u(A)(t— w3, (fj—m}

j=1

for fk<t$£k+1, k=1, 2, e

Let conditions (i)—(vi) hold. Then, applying Theorem 1 (or Corollary
1), we obtain that the solution xo(f) of (14) is uniformly Lipschitz
quasistable.

In an analogous way it is proved that if conditions (i), (ii), (iv), (vii),
and (viii) hold, then the conditions of Theorem 2 (or of Corollary 2) are
satisfied. Hence the solution x,() of (14) is uniformly Lipschitz quasistable.

Application 2. Consider the linear impulsive system

.72=A(t)x, t#Tk(X); Ax|,=,k(,,)=ka (15)
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where A(¢) is continuous in R n X # matrix for which ||A(?)| <M (M >0),
for teR,, By, k=1,2, ..., are constant n X n matrices, (x|<L/M (L>0),
and 7,: R"—R. satisfy conditions A3, A4, and (B).

Let xo(?) = x0(t; to, Xo), to€R, |xo| <L/M, be an arbitrary solution of
(15) defined in (¢, c0) and let t=1¢;, k=1, 2, ..., be its moments of impulse
effect.

Consider the condition

t

(ia) lim sup f H(A(s)) ds< o0

4]

For an arbitrary xeR”, |x|<L/M, consider the impulsive differential
equation

{d=u(A(t))u, 18(te, B, k=1,2,...
ur+0)=(n+ 1+ 7)LPu(ty), k=1,2,...

where ¢, =min(f;, 7(x)), Iy =max(t, 7(x)), k=1, 2, ..., whose solution is
determined by means of the equality

u(ta tOs uO)

k t kK 5
=uo[ [Tr+(+ 7k)Lﬂ)} eXP[ J H(A(s) ds— j H(A(s)) dS}
j=1 fo j=14y
for lTk<tS£k+1, k=1,2, e

If conditions (ia) and (ii)—(vi) hold, then the conditions of Theorem 1
(or of Corollary 1) are satisfied. Hence the solution xo(z) of (15) is uniformly
Lipschitz quasistable.

Application 3. For system (1) let the following conditions hold:

(a) Conditions 1 and 3-5 of Theorem 1 are satisfied.

(b) For (t,x)eR,xQ, t#1, t#£n(x), k=1,2,..., the following
inequality is valid:

[x = x0(2), £ (2, x) =f (2, xo()]+ < p(OD(|x — Xo(D)])

where p, ®eC[R., R, ], ®(x) is strictly increasing in u, and ®(0)=0.
(c) For any xeQ and any o> 0 the following inequality is valid:

T 1(x) wi(o) ds
f p(s)ds+f P <0, k=1,2,...
Tr(x) o (I)(S)

where y, (1) = v ((1+ LB)u) + Lfu.
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For any xeQ consider the impulsive differential equation

{d=p(t)<l)(u), re(te, T, k=1,2,...
ulr+0)=vw(u(ty), k=12,...

where ¢, =min(t, 7(x)), {x=max(t, w(x)), k=1,2,...

From condition (c) it follows that condition 6 of Theorem 1 holds.
Hence the solution xo(¢) of (1) is uniformly Lipschitz quasistable.

In the same way, using Theorems 2-4, one can obtain conditions
analogous to conditions (a)—(c), under which the solution x¢(¢) of (1) is
uniformly Lipschitz quasistable.
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